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Continuously self-similar (CSS) solutions for the gravitational collapse of a spherically symmetric
perfect fluid with equation of state p = kρ, with k a constant, are constructed numerically. Their
linear perturbations, both spherical and nonspherical, are investigated numerically. The dipole
(l = 1) axial perturbations admit an analytic treatment. Two errors in Phys. Rev. D 57, R7075
(1998) are corrected. For 0.123 <∼ k <∼ 0.446 the CSS solution has precisely one growing mode,
which is spherically symmetric. This means that it is a critical solution even for non-spherical
data. For this range of k we predict the critical exponent for the angular momentum to be exactly
5(1 + 3k)/3(1 + k) times the critical exponent for the mass. For k = 1/3 in particular this gives a
real angular momentum exponent of µ ' 0.898, correcting an earlier prediction in Phys. Rev. D
57, R7080 (1998). For k <∼ 0.123 or k >∼ 0.446 the CSS solution has additional nonspherical growing
modes, and therefore it is a critical solution only in spherical symmetry.
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I. INTRODUCTION
An isolated system in general relativity, such as a star, or a ball of radiation elds, or even of pure gravitational
waves, typically ends up in one of three kinds of nal state. It either collapses to a black hole, forms a stable star, or
explodes and disperses, leaving empty flat spacetime behind. The phase space of isolated systems for gravity coupled
to a given matter model or pure gravity is therefore divided into basins of attraction: each initial data set must end up
in one of the stable end states. The study of these invisible boundaries in phase space, in particular of the boundary
between black holes and empty space, was begun in the pioneering work of Choptuik [1], and is now an active eld in
classical general relativity.
Initial data near the black hole threshold evolve into a universal intermediate state before dispersing or forming a
black hole. This intermediate attractor is scale-invariant, or self-similar. Close to the black hole threshold but on the
collapse side, the mass of the black hole that is formed as the end state of the evolution scales as a universal power of
the distance of the initial data to the black hole threshold. Universality, scale-invariance and black hole mass scaling
have given rise to the name \critical phenomena in gravitational collapse".
Here we do not attempt to give a summary of these eects, but refer the reader to the review [2]. We only need
to note here that this kind of critical phenomena in gravitational collapse requires, to our present understanding, the
existence of solutions that are self-similar, regular, and have exactly one growing perturbation mode. From now on we
call such a solution a critical solution. From a dynamical systems point of view, a critical solution acts as an attractor
within the black hole threshold, which is a hypersurface of codimension one. It repels only in the one direction pointing
out of (to either side) the black hole threshold. It is therefore an attractor of codimension one within the complete
phase space. It acts as a funnel for solutions that start anywhere near the black hole threshold, but not necessarily
near the critical solution. That explains universality. Black hole mass scaling can then be explained quantitatively
by a simple argument [3,4] similar to the one used for calculating the critical exponents in statistical mechanics using
renormalisation group theory. The critical exponent is the inverse of the Lyapunov exponent of the critical solution’s
one growing perturbation mode.
Here we concentrate on one class of matter models coupled to general relativity, perfect fluids with the simple
equation of state p = k, where p is the pressure,  is the total energy density, and k is a constant between 0 and 1.
We construct regular, self-similar solutions, and then investigate their linear perturbations to see how many growing
perturbation modes there are. It is already known, from both perturbative [4,5] and non-perturbative [6] calculations
that these solutions have exactly one growing mode among their spherically symmetric perturbations. That makes
them critical solutions in spherical symmetry. Here we consider the full set of their perturbations, both spherical
and non-spherical. The solutions we investigate will be critical solutions in the complete phase space if and only if
they have no growing non-spherical perturbations at all. To decide this, we simply evolve generic initial data for the
non-spherical perturbations for a long time. As the background is spherically symmetric, the perturbation equations
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can be separated using spherical harmonics, and split further into axial and polar parts. The equations of motions are
the same for all values of −l  m  l for given l  0. The cases l = 0, l = 1, and l  2 need to be treated separately.
This work is a generalization of previous work [7] from k = 1=3 to other values of k. It also corrects two errors
in that paper that concern the behavior of the l = 1 polar and axial perturbations. Fortunately, these errors do not
aect the overall conclusion of [7], namely that the critical solution for the particular value k = 1=3 has no growing
nonspherical perturbation modes.
In [7], it was incorrectly claimed that the l = 1 polar (\even parity") perturbations of the spherical fluid are pure
gauge. In section II.A we discuss the correct equations of motion, and in II.B their numerical solution. These sections
also ll in some details of the calculation outlined in [7]. The perturbation equations used here are a special case of a
more general perturbation approach described in detail in [8], and we use the polar l = 1 perturbations as an example
to sketch the steps that lead from the general framework to the particular application of a continuously self-similar
background solution. It turns out that for the particular equation of state p = =3 the l = 1 polar perturbations all
decay. The overall result of Ref. [7], that the p = =3 critical collapse solution has precisely one growing perturbation
mode (which is spherically symmetric) is therefore not aected.
A second error in [7] was the use of an incorrect equation of motion for the l = 1 axial (\odd parity") perturbations.
This lead in turn to an incorrect value of the corresponding Lyapunov exponent, and therefore to an incorrect
prediction of the angular momentum critical exponent in [9]. The correct equation of motion is given in section III.A.
It turns out that it is simpler than the wrong one. As a consequence, the dominant mode exponent can be derived
analytically rather than numerically, for all values of k. This is done in section III.B. For the p = =3 perfect fluid, all
l = 1 axial perturbations decay, as claimed before, if for the wrong reason. For k < 1=9, however, there is a growing
mode. In section III.C we show that there is exactly one. The correct expression for the angular momentum scaling
is given in section III.D. It gives the ratio between the angular momentum critical exponent and the mass critical
exponent in closed form. (The mass critical exponent itself is only known numerically.)
In section IV we use the methods of Ref. [7], as corrected here, to investigate the critical collapse of perfect fluids
with equation of state p = k, for 0 < k < 1. We nd that for large enough and small enough values of k, the CSS
solution has non-spherical growing modes.
II. NUMERICAL INVESTIGATION OF THE POLAR L = 1 PERTURBATIONS
A. Equations of motion
We consider the linear perturbations of a spherically symmetric and continuously self-similar (homothetic) perfect







and we introduce coordinates such that gAB takes the form
gAB= e−2





By virtue of the self-similarity of the background, the metric coecients N and A depend only on the one coordinate
x. s is a constant chosen so that the surface x = 1 is a past light cone. The background matter is a perfect fluid with
density , pressure p = k, with k a constant, and 4-velocity u = (uA; 0). By virtue of the self-similarity,  = e2 (x)
and V  uAr;A=nBr;B = V (x). Here nA  ABuB is the unit spacelike vector normal to uA.
The equations of motion for spherical and non-spherical perturbations of an arbitrary spherically symmetric perfect
fluid solution have been given in [8]. The perturbations of a spherically symmetric background decompose naturally
into polar and axial parity, and into spherical harmonic angular dependencies, for dierent l and m. The perturbation
equations used in [7] are a special case of these equations for the particular barotropic equation of state p = p() = k.
In this section, we discuss the equations of motion for the l = 1 polar perturbations.
There are no dipole (l = 1) gravitational waves, and therefore the gravitational eld has no degrees of freedom
independently of the matter. There are three gauge-invariant matter degrees of freedom, in the sense that three
functions of radius can be specied freely at the initial time. They are an azimuthal fluid velocity perturbation , a
radial fluid velocity perturbation γ, and a density perturbation !. (For a barotropic equation of state, such as the
one we use here, p = k.) It is convenient for numerical work to use variables   =r, Γ  −(1 + k)γ and !.
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The matter perturbations are regular at the center if  = O(1) and even in powers and r, Γ = O(1) and even, and
! = O(r) and odd. The leading orders of  and Γ are additionally constrained as (1 + k)+ Γ = O(r2).
There are three gauge-invariant metric perturbations ,  and  . Numerically we work with ~  e−3r−3,
~ = e−3r−3 and ~ = e−2r−2 , and the metric perturbations are regular at the center if ~, ~ and ~ are all O(1)
and even in r. For regularity alone  = 0(r) would have been sucient, but, as discussed in [8], we impose  = 0(r3)
to x a remaining gauge freedom.
The explicit powers of  have been inserted into our nal variables so that a self-similar spacetime would remain
self-similar under perturbations if and only if , Γ, !, ~, ~ and ~ were all independent of  , or at most periodic in  .
We consider a perturbation mode as growing if these variables grow with  , and as decaying if they decrease with  .
With this natural denition of perturbation variables, the coecients of all perturbation equations are independent
of  on a self-similar background.
The equations of motion of the matter perturbations are
− _Γ + k!0 = Sγ ; (4)
− _! + Γ0 = S!; (5)
− _ = r−1S + U : (6)
The sources S are explicitly given in [8]. They contain , Γ and !, as well as the metric perturbations, but no
derivative of any variable. _f and f 0 are the frame derivatives along uA and nA, respectively. Note that k is the square
of the sound speed. The rst two equations constitute a wave equation whose characteristics are the sound cones.































The metric perturbation  does not possess a time evolution equation, and we have not found a free evolution
scheme for the l = 1 polar perturbations. Instead we use perturbed Einstein equations that give D, D and D 
in terms of the (undierentiated) matter and metric perturbations. These equations are again given in [8]. The
derivative operator D becomes a simple partial derivative in coordinates x and  , namely rD = x @
@x .
Solving the three matter equations for the  -derivatives, on a continuously self-similar background spacetime,
one obtains a system of evolution equations of the form u; + A(x)u;x + B(x)u + C(x)w = 0, where u are the
three matter perturbations and w the three metric perturbations. The three constraints become the ODE system
xw;x +D(x)w + E(x)u = 0.
B. Numerical method
For the numerical evolution of the l = 1 polar perturbations we have used the second-order accurate, characteristic
algorithm described in [8]. The constraints were solved with a second-order accurate implicit method. Because of the
factor x in front of w;x, the equations were solved numerically not for w, but for xw.
In solving the combined matter and metric perturbation equations numerically, we impose the constraint (1+k)+
Γ = O(r2) only on the initial data. This constraint is not only formally propagated by the evolution equations, but
turns out to be stable in our numerical implementation for k > 0:25. Therefore we work directly with  and Γ. For
k < 0:25, our code has an instability linked to violation of this constraint. Nevertheless, the Lyapunov exponent  of
the leading mode decreases (i.e. becomes more negative) rapidly with k, reaching Re ’ −1:7 at k = 0:25, so that it
looks extremely unlikely that there is a physical growing mode at smaller k.
III. ANALYTICAL INVESTIGATION OF THE AXIAL L = 1 PERTURBATIONS
A. Equation of motion
In this section we discuss the axial l = 1 perturbations of continuously self-similar perfect fluid spacetime. Again,
there are no gravitational wave degrees of freedom, and in fact only one matter degree of freedom.
The axial perturbation of the matter velocity is of the form
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ua = (xC) ab Y;b(xc); (9)
where Y is a spherical harmonic and ab is the totally antisymmetric tensor that is covariantly constant with respect
to the unit metric γab on S2.  is already linearly gauge-invariant. For all l  1,  obeys the autonomous equation
of motion
(r2uA)jA = 0: (10)
That is just a transport equation along the background fluid flow. For l  2, there is a single gauge-invariant axial
metric perturbation, , that characterizes one polarization of gravitational waves. (The other polarization is polar.)
 obeys a wave equation, with a source term proportional to . In Ref. [7], it was implicitly assumed that this is true






This can be integrated to give  in terms of , where the integration constant is xed by regularity at the center
of spherical symmetry (where  must vanish). For l = 1,  plays therefore only a passive role, and in calculating
perturbation mode growth exponents we only need to consider (10).
The perturbed fluid velocity is regular at r = 0 if  goes as r2 there (rl+1 in general). The perturbed stress-energy
tensor remains self-similar if  goes as e− (for any l). We therefore dene  = e−xl+1 ~(x; ). Now the perturbed
spacetime remains regular at the center if ~ is regular (and even) there. The perturbed spacetime grows more (less)


























~ = 0; (12)
where g  A=N . This is of the form
~; + xA(x) ~;x +B(x) ~ = 0; (13)
where A and B are regular, even, strictly positive functions of x. We now look for solutions ~ that are also regular
even functions of x.
B. Calculation of the dominant mode
In order to calculate the late-time behavior of solutions to (13), we change the independent variable to y = lnx, so
that we now consider
~; +A(y) ~;y +B(y) ~ = 0; (14)
with A(y) = A0 +O(exp 2y), and B(y) = B0 +O(exp 2y) as y ! −1.
Using the method of characteristics, the general solution can be written as



















That is not the simplest way of writing the general solution, but a convenient one for our purpose. Note that we have
pulled constants out of the two integrands such that these integrals exist. The function F (y) is determined by the
initial data. We have dened it so that for regular, even initial data, with ~(y; 0) = F0 + O(exp 2y) as y ! −1, we
have F (y) = F0 +O(exp 2y).
We can now read o that the late-time behavior of the solution ~(y; ) at constant y is














as  !1. For generic regular initial data, F0 does not vanish, and the solution decays as exp−B0 at late times.
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This analytic result is in perfect agreement with our numerical results, in which we evolve \generic" perturbation
initial data for a long time, expecting them to be dominated by the dominant mode at late times.
We can evaluate B0 in closed form, if we take into account that  is an even function of x, that v is an odd function





= −2=3(1 + k); (17)
which follows from matter conservation and the assumption that the background is self-similar. Here we are interested
in l = 1 only. We nd for the growth exponent 1 of the dominant axial l = 1 perturbation mode the analytic result
1 = −B0 = 1− 9k3(1 + k) : (18)
C. Mode spectrum
We now show that for k < 1=9 there is precisely one mode with positive  for the l = 1 axial modes, and not
several, or a continuum of modes. To look for modes, we make the ansatz








By expanding this equation in powers of x around x = 0 and comparing coecients, we see that if f(0) 6= 0, and f is
to be a regular even function of x, we must have 1 = −B0. This is precisely the mode that dominates the late-time
behavior (16). One obtains a solution f0(x) with this property as a power series in a neighborhood of x = 0, and then
by solution of the ODE (20). We x an overall scale by setting f0(0) = 1.
We now subtract a multiple of this mode from the solution ~ to obtain a solution that is O(x2) at x = 0:
^(x; ) = ~(x; ) − F0e−B0f0(x) (21)
where ~(x; 0) = F0 +O(x2) as before. Let ^(x; 0) = F2x2 +O(x4). Then from the leading order of (15) we have














From (12), using again (17), we read o that −(B0 + 2A0) = −(1 + 15k)=3(1 + k), which is negative for all k. This
means that for k < 1=9, there is precisely one growing mode, namely exp(−B0)f0(x).
We note that continuing in this way, one can strip o a sequence of modes decaying with  = −(B0 + 2nA0) for
n = 0; 1; 2; : : :. This suggests that the entire spectrum is discrete. Furthermore, any solution ~ with initial data
bounded away from x = 0 is strictly zero at any xed x after a nite time.
D. Angular momentum scaling in the regime with only one unstable mode





= (2 − 1)γ: (23)
[This formula corrects a misprint in the nal expression [9], Eq. (11).] Here 0 is the Lyapunov exponent for the
spherical mode, which is real and positive, and 1 the Lyapunov exponent for the l = 1 axial perturbations, which
is real and negative in this range. γ = 1=0 is the critical exponent for the black hole mass. The derivation of
this formula assumes that the critical solution has precisely one growing perturbation mode, which is spherically
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symmetric, while all non-spherical perturbation modes decay. This does hold for the k = 1=3 fluid and, as we shall
see below, for a certain range of k.
This formula is correct, only the value of 1 substituted into it was incorrect. Based on the incorrect equations for
l = 1, it was claimed in [9] that the most slowly decaying axial l = 1 mode for k = 1=3 decays as exp1 with a
certain complex 1. (That value of 1 was obtained (numerically) from the wave equation for  that we now know
does not apply to l = 1.) The correct value 1 = −1=2 for k = 1=3 gives a real critical exponent  = (5=2)γ ’ 0:898
for the black hole angular momentum.
Numerical work discussed below in section IV shows that there is precisely one growing mode for the range 0:123 <





for the angular momentum exponent.
What happened to the oscillation of the angular momentum in space that was predicted for a complex critical
exponent ? The general scenario leading from a complex 1 to a complex  discussed in [9] is not aected by
the error in calculating 1 for a specic matter model. 1 may be complex in other matter models. A complex 
does in fact determine angular momentum scaling in critical scalar eld collapse [10]. There however all axial l = 1
perturbations are pure gauge, so that  must be calculated in second order perturbation theory. (The relevant 
in that case is the one for the polar l = 2 perturbations.) As a consequence, the complex  gives rise only to a
quasiperiodic ne structure in the scaling law, not to an oscillation of the angular momentum.
IV. NUMERICAL INVESTIGATION OF ALL PERTURBATIONS FOR K OTHER THAN 1/3
A candidate critical solution has to be self-similar (known critical solutions for the perfect fluid are continuously
self-similar). This automatically means it has a curvature singularity. We also demand that it be analytic at the
center of spherical symmetry to the past of the singularity, and at the past matter characteristic (sound cone) of the
singularity. Empirically, all known critical solutions are regular, and one would expect them to be if they are to arise
from generic regular data. These properties dene a nonlinear ODE boundary value problem. We have numerically
solved this boundary value problem for the fluid equation of state p = k, for values of k between 0:05 and 0:95. The
value k = 1=3 corresponds to an ultrarelativistic gas. k = 0 corresponds to dust, and k = 1 to the sti fluid, which
is equivalent to massless scalar eld if it is irrotational. These two extreme values cannot be covered by our choice of
variables, which is restricted to 0 < k < 1.
The solutions were obtained starting with the critical solution for k = 1=3, changing the value of k in the eld
equations by a small amount, and relaxing to a solution of the boundary value problem at the new value of k. In this
manner we have obtained a family of solutions that appears to be smooth with respect to k throughout this range. In
contrast to the work of Koike, Hara and Adachi [5] and Maison [4], but in agreement with Nielsen and Choptuik [6] we
have not found any special problems near k ’ 0:888. However, our numerical method only provides an approximation
to the desired analytic solution: the rst (numerical) derivative of the numerically obtained fluid density and velocity
proles has a small discontinuity appearing at the past sound cone at about k ’ 0:7 and increasing with k. Results
for > 0:7 should therefore be considered qualitative only.
The stability of any perturbation mode, with the exception of the l = 1 axial perturbation, can only be determined
numerically, separately for each value of k and l. As in [7], we have numerically evolved generic initial data for the
spherical perturbations, and the axial and polar perturbations with l = 1, 2, 3, 4, and 5. l = 5 is large enough in
practice to see a trend. For the evolution of these perturbations we have picked the backgrounds with k = 0:05, 0.1,
0.2, 0.3, 1=3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 0.95. We have then looked at background solutions for other values of k
in order to nd the value of k where a given perturbation mode rst becomes unstable.
Spherical perturbations. The spherical perturbations have at least one unstable mode for all values of k we have
investigated. The growth exponent, or Lyapunov exponent, of the dominant mode decreases monotonically with
increasing k. One would need to use the \Lyapunov method" of [5], or a contour integral method [11] to establish nu-
merically that there is exactly one growing mode. This fact has been established indirectly by the collapse simulations
of [6]. Here we use our results for the spherical perturbations only as a check. The inverse of the Lyapunov exponent
of the growing spherical mode gives the critical exponent for the black hole mass in critical collapse. Our values for
the critical exponent are in reasonable agreement with those in the literature [4,5]. This is a strong indication that
we are looking at the same background solutions as those authors. For the nonspherical perturbations, we have only
established if for a given k a given perturbation sector has an unstable mode. We have not attempted to count the
number of unstable modes.
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Axial perturbations. The l = 1 axial perturbations are in perfect agreement with our analytical results: For k > 1=9,
there are only decaying modes, while for k < 1=9 there is a growing mode. All l  2 axial perturbations are stable for
all investigated values of k. The Lyapunov exponent of the dominant mode is real for small k and complex for large
k, with always a negative real part.
Polar perturbations.The l = 1 polar perturbations are dominated by a mode whose Lyapunov exponent grows
monotonically with k. It becomes positive for k > kpol1max, where kpol1max is estimated by bisection as kpol1max ’
0:446. The polar l = 2 perturbations have an unstable mode for k < kpol2min, where we estimate kpol2min ’ 0:123.
The l > 2 polar perturbations are still all stable at k = kpol2min, but become unstable, too, at slightly smaller values
of k. We also nd an unstable mode for k > kpol2max, where we estimate kpol2max ’ 0:4635. The l > 2 polar
perturbations are still all stable at k = kpol2max, but become unstable at slightly larger values of k. This means that
for kpol2min < k < kpol2max, there are no unstable l  2 polar perturbations.
Summary. In summary, we have exactly one growing perturbation mode, which is spherically symmetric, for
kpol2min < k < kpol1max, or 0:123 < k < 0:446. For 0 < k < 0:123 and 0:446 < k < 1 there are additional
non-spherical perturbation modes.
V. CONCLUSIONS
We have corrected two independent mistakes in a previous investigation [7] of the non-spherical perturbations of
the critical solution in the gravitational collapse of a perfect fluid with equation of state p = =3. It turns out that
these mistakes did not aect the overall conclusion of that paper: the k = 1=3 critical solution has no non-spherical
growing modes and is therefore a critical solution in the entire phase space (at least locally near spherical symmetry).
We have also investigated the perturbations of self-similar perfect fluid solutions with equation of state p = k for
constants k other than 1=3. These solutions are known from previous work [4{6] to be critical solutions if the system
is restricted to symmetry. Perturbatively this means that they have exactly one growing spherical perturbation mode.
We nd that for the range 0:123 < k < 0:446 there are no growing non-spherical perturbation modes. These solutions
will therefore act as critical solutions even in the full phase space, at least for initial data that are close to spherical
symmetry. At higher and lower values of k, however, there are more and more growing non-spherical modes. For these
values of k, the self-similar solutions investigated here are not critical solutions unless one restricts consideration to
spherical symmetry.
Finally, the fact that we have corrected the equation of motion of the l = 1 axial perturbations aects the nal
result of an earlier calculation [9] of the critical exponent for the black hole angular momentum in critical collapse, and
we have given the correct nal formula here. The ratio of the critical exponents for the mass and angular momentum
can be calculated in closed form (for this particular kind of matter), and is given above in Eq. (24). In particular, the
correct value of the angular momentum exponent for k = 1=3 is  = (5=2)γ, where γ is the black hole mass critical
exponent, or  ’ 0:898.
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